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Relativistic particles with spins J > are described by means of multicomponent wave func- 
tions which transform covariantly according to Lorentz-group representations that contain at rest 
the spin of interest. The symmetry group of space-time provides not one but an infinity of such 
representations which are equivalent for free particles but yield different electromagnetic couplings 
upon gauging; thus the challenge is to develop criteria which allow us to select those of them which 
relate to physically detectable particles. We here take the position that the unitarity of the Comp- 
ton scattering cross sections in the ultrarelativistic limit, when predicted by a consistent method 
for a spin-1 description, could provide such a criterion. We analyze the properties of massive fun- 
damental spin-1 bosons transforming as antisymmetric tensors of second rank, (1,0) © (0, 1). For 
this purpose, we employ the Poincare covariant projector method, which provides consistent, gauge 
invariant, causal, and representation specific Lagrangians. This formalism yields a twofold extension 
of the Proca Lagrangian for the description of spin-1 bosons, first from an in- built g = 1 value of the 
gyromagnetic ratio to an unspecified general g ^ 1, and then from, single-parity, to parity-doublet 
degrees of freedom. We find different results for Compton scattering in these theories and track 
the differences to the lack of universality of the vector-antisymmetric-tensor equivalence theorem 
which is specific only to Proca's framework, and valid for g = 1, while it is violated within the more 
general Poincare covariant projector formalism. Our main result is that a finite Compton scattering 
differential cross section in the ultrarelativistic limit requires us to consider the contributions of 
both parities in (1, 0) © (0, 1). On that basis, we conclude that massive spin-1 bosons transforming 
as antisymmetric tensors are physical parity doublets. 
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I. INTRODUCTION 

The description of particles with higher spins, J > 1/2, continues to be among the challenges in contemporary 
theoretical physics. According to the standard strategy [1-3] such particles are described by means of multicomponent 
wave functions which transform covariantly according to Lorentz-group representations that contain at rest the spin 
of interest. The symmetry group of the Minkowski space-time provides infinitely many nonequivalent representations 
of the required property and it is necessary to develop criteria for the selection of those few representations which 
describe physically detectable particles. The unitarity of the Compton scattering amplitudes in the ultrarelativistic 
limit could serve as such a criterion. It is the goal of the present work to study the question on the observability 
of massive fundamental bosons of spin-1 transforming according to the Lorentz-group representation, (1,0) © (0, 1). 
The pure spin-1 representation space of the Lorentz group is among the most important covariant entities in physics. 
In any gauge theory, be it Abelian as the electrodynamics, or, non-Abelian as QCD and the electroweak theory, it 
describes the antisymmetric field tensor of second rank, in terms of which the respective Lagrangians are written. Also 
the six Lorentz group generators in any arbitrary representation have the property to transform as the components 
of an antisymmetric tensor of second rank. Moreover, the massless representation under discussion can be employed 
in the description of gauge fields between extended objects, such as strings [4]. Specifically according to [4], and 
references therein, the spin-1 massless particles described by means of the antisymmetric tensor carry only 1 degree 
of freedom of zero helicity, complementary to the massless vector gauge field, characterized by 2 transverse degrees 
of freedom. These so-called Kalb-Ramon gauge fields are highly significant in the theory of open strings, where they 
underlie the important Green-Schwarz anomaly cancellation mechanism. Through their interactions with ordinary 
gauge fields, associated with the four-vectors between the open ends of the strings, a tensor-vector coupling can be 
designed which can trigger a mass generation [4] alternative to the Higgs mechanism, which is based on scalar-vector 
couplings. 

Switching to massive spin-1 particles does not bring physics of the four- vector and antisymmetric-tensor particles 
closer; they still remain apart in several aspects. It is the goal of the present study to reveal some of those aspects. 

That spin-1 antisymmetric-tensor mesons are quite distinct from the four- vector mesons, has been demonstrated 
in detail for the case of composite hadrons in Ref. [5] with the emphasis on their weak decay, and strong couplings. 
There, new relationships between the squared masses of 1 vector mesons (p's), on the one side, and axial- vector l" 1 
and 1 ++ mesons, (b\ and a\, respectively) on the other, have been found. We here instead focus on pointlike massive 
spin-1 bosons, with the emphasis on their electromagnetic properties. We recall that massive (1/2, 1/2) particles are 
endowed with 4 degrees of freedom distributed over one scalar and three vectors of opposite parities and opposite signs 
of the norms, making the scalar degree of freedom into a redundant component. Instead, the massive antisymmetric 
tensor carries 6 well behaved degrees of freedom distributed over a pair of spin-1 bosons constituted by a polar and an 
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axial vector, equivalently, over a parity doublet. It finds applications ranging from effective theories [6] over radiative 
pion decay to cosmology [5]. For all these reasons, expanding knowledge on the properties of particles of pure spin 1 
appears timely. 

The present investigation is devoted to the study of Compton scattering off a massive antisymmetric-tensor field 
in comparison with the same process involving as a target a massive four- vector field like the electroweak W gauge 
boson. We use Lagrangians designed within the framework of the recently elaborated [7] Poincare covariant projector 
method where the spin-1 Lagrangians contain the generators of the representation under investigation and therefore, 
in general, allow for detecting differences in the properties of particles transforming by different Lorentz boosts. 
These Lagrangians are moreover consistent insofar as they lead to hyperbolic wave equations which describe causal 
propagation of the wave fronts in the presence of an electromagnetic field. They can be viewed as extensions of Proca's 
Lagrangians in the four- vector and the antisymmetric-tensor representations from the in-built unphysical g — 1 value 
for the gyromagnetic ratio toward a general g 1 which is specified to its physical value upon introducing interactions 
and from some suitably chosen dynamical constraints. Moreover, the spin-1 Lagrangian for the antisymmetric- 
tensor representation arising within the Poincare covariant projector method describes a parity doublet, conversely 
to the Proca Lagrangian, which confines us to the degrees of freedom of only one parity. These extensions are 
important insofar as the (1/2, l/2)-(l,0) © (0, 1) indistinguishability arising within Proca's theory and known under 
the name of vector-tensor equivalence theorem has its validity only for g — 1, and is, in general, removed within the 
Poincare covariant projector method allowing for g 1. In this fashion, the four- vector and the antisymmetric-tensor 
representations become distinguishable and can be populated by fundamental bosons of distinct physical properties. 
Which specifically, will become clear in due course. 

In particular, in a work prior to this [8] we reported on different electromagnetic properties of massive four-vector 
and antisymmetric-tensor bosons. Namely, we calculated the electric quadrupole moments of such particles and found 
them distinct by a sign, assuming equal values of the gyromagnetic ratio, g. The difference in question has been 
found to be of pure kinematic origin and has been attributed to the different orientations of the electric quadrupole 
moments in the Breit frame, oblate for (1/2, 1/2), versus prolate for (l,0)ffi(0,l). In the present work we are studying 
the impact of the above difference on the Compton scattering amplitudes off fundamental (1, 0) © (0, 1) bosons. Our 
main result is that finite differential and total cross sections in the ultraviolet are obtained only for scattering off the 
parity doublet as a whole. 

The paper is organized as follows. The first part represents a detailed comparison between two formalisms for a 
spin-1 description, namely, Proca's approach and the Poincare covariant projector method. The aim is to reveal the 
credibility and physical predictive power of the latter method and motivate its subsequent employment in the analysis 
of the observability of fundamental single-spin-1 bosons. The second part is entirely devoted to the calculation of 
Compton scattering off (1,0) © (0,1). Specifically, in the next section we present four spin-1 wave equations, all 
equivalent in the absence of interactions though well distinguishable through the related Noether currents and upon 
gauging. Two of them are the standard Proca equations for (1/2, 1/2) and (1,0) © (0, 1), respectively, which we here 
rederive from combined mass-m and parity projectors, while the other two are their counterparts following from the 
Poincare covariant projector method [7] . We analyze hyperbolicity and causality of the former wave equations upon 
gauging showing that within (1,0) © (0, 1) the negative parities are described by a fourth order differential equation 
whose hyperbolicity is inconclusive from the perspective of the Gilbert-Currant criterion, while the positive parities 
are described by a hyperbolic and causal second order equation. 

This is at variance with the case of the spin-1 description in terms of the four- vector (1/2, 1/2), where one finds the 
negative-parity states satisfying a hyperbolic genuine gauged equation, while the attempt to find a genuine gauged 
equation for the scalar sector leads to a fourth order equation and of an inconclusive hyperbolicity within the context 
of the aforementioned Gilbert-Currant criterion. Compared to this, the (1, 0) © (0, 1) wave equations following from 
the Poincare covariant projector method are manifestly and unconditionally hyperbolic and causal for all involved 
degrees of freedom. In the same section we furthermore discuss the vector-tensor equivalence theorem and its violation 
within the Poincare covariant projector method at both the levels of the electromagnetic currents and the genuine 
gauged wave equations. Section III is devoted to the calculation of the Compton scattering off the single-parity degrees 
of freedom in the antisymmetric-tensor representation, showing a differential cross section that grows infinitely with 
the energy increase, except in forward direction. In the same section we also present the calculation of Compton 
scattering off the (1,0) © (0, 1) parity doublet as a whole which allows us to obtain finite differential and total cross 
sections in all directions. The paper closes with brief conclusions. 

II. WAVE EQUATIONS FOR SPIN 1 

Sometimes one may be prompted to believe that the properties of a particle with spin J are independent of the 
Lorenz-group representation employed in its description. Take for concreteness the case of spin 1 . One well-established 
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correct statement in the literature is the so-called vector-tensor equivalence theorem, whose principal meaning is that 
the construction of the solutions of Proca's equation for a noninteracting spin-1 boson residing in (1,0)© (0, 1) reduces 
to the construction of the solutions of a boson of equal spin described as a four- vector. As we shall demonstrate below, 
this equivalence extends to the genuine gauged equations and the electromagnetic multipole moments of their currents, 
as well. Yet, as it will become clear in due course, this is not a universal property. 

In order to gain a deeper insight in this issue, we here recall the standard procedure for the construction of equations 
of motion for particles residing within a given Lorentz-group representation, spanned by the generic degrees of freedom, 
"0(p, A), where p is the three momentum, and A denotes the set of quantum numbers characterizing the degrees of 
freedom under consideration. A wave equation within a given Lorentz-group representation (ordinarily one is dealing 
with finite-dimensional representations) is straightforwardly obtained from a projector, call it n/ re \(p), where {k,} is 
a generic representation labeling, on the basis vectors, tp(p, A) in the representation space of interest, according to 

n {K} (p)^(p,A) =V(P,A). (2.1) 

For example, the free Klein-Gordon equation is obtained exclusively in terms of the mass-m projector as 

n o (p)0(p) = ^^(p) = 0(p), (2.2) 

while the celebrated Dirac equation for the electron follows from exclusively projecting on the positive parity degrees 
of freedom in the k : (1/2,0) © (0, 1/2) representation, 

11(1/2,0)0(0,1/2) (P)«(P, A) = W(p, A), n (l /2,0)ffi(0,l/2)(p) = 2 , A = ±-, (2.3) 

where il( 1 / 2 .o)e(o.i/2) (p) is the covariant positive-parity projector. As we shall see below, the projector II{ K }(p) is 
quite general and can also be a product of mass-m, parity, spin, etc. projectors. 

For the case of spin 1 of interest here, two Lorentz group representations are of basic use. These are the four- vector, 
(1/2, 1/2), on the one side, and the antisymmetric tensor, (1, 0) © (0, 1), on the other. As long as the choice of the 
projector in (2.1) is not unique, different wave equations, all equivalent at the noninteracting level, can be constructed. 

In the subsequent section we address the following three problems regarding the description of physical spin-1 
bosons: 

• the nonuniqueness of the free-particle wave equations within the same representation, be it the four- vector or 
the antisymmetric tensor, and its consequences for the electromagnetic properties of the particles, 

• the general representation dependence of the wave equations and the associated electromagnetic currents, 

• the so-called vector-tensor equivalence theorem for spin 1 [9] and its lack of universality. 



A. Nonuniqueness of the free-particle wave equations for spin 1 as a four-vector 

The four- vector Lorentz group representation, (1/2,1/2), usually considered to be of natural parity, has been 
extensively studied and it is a well-known fact that it is spanned by four basis states, one of which is a timelike scalar, 
while the remaining three are spacelike spin-1 polar vectors. The four-vector therefore contains two sectors of different 
spins and opposite parities. If one wishes to employ it in the description of spin-1 bosons, the scalar sector has to be 
projected out. This is not a difficult task because the vector degrees of freedom happen to be simultaneously those 
of negative parities and as shown below, they can easily be identified by means of a corresponding covariant parity 
projector. 



1. Deriving Proca's equation from a combined mass-m, and negative-parity projector: Causality proof 

A spin-1 wave equation for a particle transforming in the four-vector representation, (1/2,1/2), of the Lorentz 
group, can be constructed along the line of (2.1) considering n ( - 1 /2,i/2)(p) as a combined mass-m and negative-parity 
projector according to 

n?/2, 1/2 )(p) = 5 P -" (p) ' (2 ' 4) 



5 



where P denotes the operator of four-momentum, m stands for the particle mass, P 2 /m 2 is the mass-projector 
operator, and P"^(p) is the covariant projector on the negative- parity states. The latter is well known and is 
straightforwardly constructed as 

P^(p)=V^(p,A)[*Ap,A)]* =9 af3 -^, A = -1,0-1, (2.5) 

where i] a (p, A) denote the boosted negative-parity basis states in (1/2, 1/2) (see [7] and [8], among others, for details). 
The action of the and mass-shell projector operators on the states under consideration is given as follows: 

P^(p)^(p ) A) = <(p,A), ^(p,A)=rfa(p,A). (2.6) 

With that, and introducing the quantized field, V a (x,X) = / d 4 p (rj a (p, A)e~ lx p a A (p) + [r/ a (p, \)}*a{(p)e> 
cording to [10], Eq. (2.4) takes the following familiar form in position space: 

{d 2 + m 2 )V a (x,\)-dpd a V p (x,\) = 0. (2.7) 

As a reminder, there are three spin-1 four-vectors, V a (x, A), distinct by the A values. Now it is quite instructive to 
compare the latter equation to the standard one following from Proca's Lagrangian [11], in which the A label is usually 
suppressed (we also will suppress the position argument for the sake of simplifying notations), 

C P = -\[U*] af> U af i + ~m 2 [V*] a V a , (2.8) 
with U a /3 = d a Vp — d@V a and a — 0, 1, 2, 3. The resulting Euler-Lagrange equation is then, 

(d 2 + m 2 ) V a - dpB a V p = 0. (2.9) 

A Comparison of (2.9) and (2.7) shows that Proca's formalism for spin 1 is no more than the projection on negative- 
parity basis states of (1/2, 1/2) of mass m. The same scheme can be applied to the scalar state of positive parity 
here denoted by V*, in which case one encounters a nonpropagating state according to 

d d a [V 4 f = -m 2 V*. (2.10) 

Caution is necessary in the interpretation of the gauged equations, (2.7) and (2.10). Indeed, upon naive gauging, i.e. 
upon simply replacing the ordinary derivatives, d^, by the covariant ones, = <9 M + ieA^, specifically the Proca 
equation, (2.7) becomes 

[g a p(D 2 + m 2 ) - D a Dp + ieF a ] V? = 0. (2.11) 

This is a 4 x 4 matrix equation with the (derivative) "coefficients" of arranging to a matrix, call it A Q p(D), and 
given by 

A a p{D)=g a [3 D 2 -D a D p . (2.12) 

It is easy to see that the equation (2.11) is not a genuine one because it does not contain the time derivatives of V°; 
this because of the following cancellation in the A°o (D) element: 

A op) = g\((D°) 2 -(Dif-(D 2 ) 2 -(D 3 ) 2 )-D°D 

= - (D 1 ) 2 - (D 2 ) 2 - (D 3 ) 2 . (2.13) 
A remedy to this shortcoming of (2.11) is provided [12] by reincorporating in it the gauged auxiliary condition, 

- m 2 D -V = (D fj D 2 - D^DpD^V 13 . (2.14) 
Doing so amounts to the following genuine differential equation: 



g a p (D 2 + m 2 ) - D a ^F^D» + ieF a p 



V = 0, (2.15) 
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where use has been made of [D^, D v \ = ieF^ u . It is now quite instructive to check whether the solutions of the latter 
equation describe causally propagating waves, in which case it would be hyperbolic. The hyperbolicity of differential 
and maximally second order equations is tested by means of the well-known Currant-Gilbert criterion which prescribes 
the calculation of the so-called characteristic determinant. The latter is no more than | A (D) | but with the derivatives 
being replaced by some constant four-vectors, here denoted by N a , and Np, according to, D a Dp — > N a Np. The roots, 
rip, of this determinant, i.e. |A (n) | = 0, can then be given the interpretation of the normals to the characteristic 
cones. Then the equation is hyperbolic if the timelike components, no, of all the normal vectors happen to be real. 
Applying the Currant-Hilbert criterion to (2.11) one finds 



A (n) | - n 6 ( n 2 - ^n^F^n" ) = (n 2 )" = 0. (2.16) 



m 



It is obvious that the determinant nullifies for real timelike components of the vectors normal to the characteristic 
cones, no — ±-\/ nf + n| + n|, thus proving the hyperbolicity of the the gauged Proca equation. This is in reality a 
well-known fact which we presented here as a preparative example. Below we shall follow the same scheme to test the 
less studied hyperbolicity of the Proca equations in (1,0) © (0, 1) and draw some nontrivial conclusions. 

Instead, the genuine gauged equation corresponding to (2.10) for the scalar sector, turns to be of fourth order, 



g a pm 2 ~ l-D a {~ieD' T F a0 + D 2 D ) - ieF af} 



= 0, (2.17) 



and its hyperbolicity is inconclusive from the perspective of the Gilbert-Currant criterion. 

2. Spin-1 wave equation from the Poincare covariant projector method: Causality proof 
A further equation can be designed on the basis of a Poincare covariant spin-1 and mass-m projector, 

< /2 , 1/2) (p) = "2^2 KiAV^P))^ , (2-18) 

where t , 2 \ is the squared Pauli-Lubanski vector in (1/2, 1/2), whose action on the spin-1 sector in the four-vector 

is given by 

(^i/ 2> i/ 2 ))^^(p,A) = -2mV(P,A). (2.19) 

The explicit expression for the Pauli-Lubanski vector in the representation space under investigation is 

(W(i/2,i/2)) A = \ex P ^M^ /21/2) p^ [m ( 7 /21/2) ] ^ = i{gP a g% - g» g° a ), (2.20) 

where M?y 2 ^ , 2 <, are the generators of the Lorentz group in the four-vector. The squared Pauli-Lubanski vector is 
then calculated as 

(wfi/2,1/2))^ = -2(g a pgnv - g av gp»)p*p v = -2(g a pp 2 - ppp a )- (2.21) 

Substitution of the latter equation in (2.18), and taking into account (2.19), results in 

(p 2 - m 2 ) Va (p, A) - pppctffa A) = 0, (2.22) 

which is nothing more than the momentum space form of (2.7). This is not astonishing given the fact that the 
negative-parity basis spanning (1/2,1/2) is vectorial; i.e. they are spin-1 states at rest, meaning that the squared 
Pauli-Lubanski operator tracks down the same degrees of freedom in the four-vector as the negative-parity projector. 
Yet, compared to (2.7), a new element can be added to (2.22) by the replacement, 



P0Pa = 7j{Pa,Pp} ~ ~\Pa,Pp], ( 2 -23) 



in which case Eq. (2.22) becomes 



(p 2 -m 2 ) Va (p,X) - i{Pa,P|8}V(p,A) + \[p a ,P0}v (pA) - 0. (2.24) 
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In the latter equation, an essential new ingredient has been built in through the commutator between the two momenta 
involved, which is vanishing for free particles, but contributes the electromagnetic field tensor upon gauging according 
to 

[n a ,ir p ] = -ieF al3 , eA». (2.25) 

Here, A 1 - 1 stands for the electromagnetic four-vector potential, and e denotes the electric charge. A last step toward 
the Poincare covariant projector method is extending the antisymmetric part of the equation by the most general 
antisymmetric tensor in (1/2, 1/2), which is M a p from (2.20), weighted by an arbitrary parameter, here denoted by 
gv Making use of (— i)[M^, 2 l / 2 ^] a 0PiJ,Pv = \p a ,Pp] allows us to extend the Eq. (2.24) toward 

(p 2 -m 2 >? Q (p,A) - ^{pa,PfiW(p t \) + [gv - ^ [ Pa ,Pp]v (pA) = 0. (2.26) 

Equation (2.26) appears as the Euler-Lagrange equation of the following Lagrangian in position space: 

C v = -{d^V a )^Y v aPllv d v V^ +m 2 V*V a , 

= 9a^ v - \ (<?</<?/ + g a V) -i(gv- ^ W^ 1/2) U, 



(2.27) 



(see [7] for more technical details). Before closing this subsection it is quite convenient to obtain the gauged equation 
(2.26), along the line of Eqs. (2.11)-(2.15). This amounts to 



g a p (D 2 + m 2 ) + ^D a {{g v - 2)F^D» + (g v - l)d»F^) + ieg v F a p 



m 2 



V p = 0. (2.28) 



Though Eqs. (2.28) and (2.16) are not equivalent, their characteristic determinants, in being defined only by the 
highest order derivatives, are, despite the appearance of the more general weight, (gv — 2)ie/m 2 , of the identically 
vanishing F liv n h '-term. In other words, the hyperbolicity of the equation of motion is in the first instance, guaranteed 
by the antisymmetric nature of F^ v and does not necessarily require gv = 2, though the latter value would have same 
effect the determinant. 
Notice that 

• the hyperbolicity condition is valid for any value of the gyromagnetic ratio, gv, and, differently from the case 
of spin 3/2 in the four- vector spinor, earlier considered in [7], ceases to restrict it, 

• the explicit dependence of the Lagrangian in (2.27) on the Lorentz-algebra generators makes it representation 
specific and in this way suited for studying the differences between the properties of particles transforming by 
different boosts, a subject studied in Sec II B below. 

However, for the time being we keep staying in the (1/2,1/2) representation, and first attend to the distinction 
between the electromagnetic currents in Proca's approach and the Poincare covariant projector method. 



3. Distinction of the spin-1 Lagrangtans with gv — 1 and gv 7^ 1 through their respective electromagnetic currents 

It is obvious from the free particle equations, (2.9) and (2.26), that Proca's theory and the Poincare covariant 
projector method become equivalent for gv = 1. However, as we shall demonstrate below, for gy ^ 1 and upon 
gauging this equivalence is removed and the two equations under discussion become profoundly different. On the one 
side, such differences will show up in the respective solutions, left aside in the present work, and on the other side they 
will become evident through the multipole decompositions of the related Noether currents, a subject treated in this 
subsection. To be specific, the electromagnetic current corresponding to the Poincare covariant projector method, 
here given in momentum space, is obtained as 

^(p^A^p,A) = - e [ ^7 Q (p^AO]*(^r^+^r^P l/ )^(p,A). (2.29) 

Because p a r] a (p, A) = holds on the mass shell, and inserting the explicit form of T^g in (2.27), the expression for 
the current simplifies to 

{j V T (p', A'; p, A) = -e [r/V, V)]*[P^ + ig V [M^ /21/2) } a0qi/ }^(p, A), 
P^= P ^ + { P 'f, «?" = (pO" - p". (2.30) 
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Instead, the Proca (P) current resulting from the Lagrangian in (2.8) reads 

(j A1 ) P (p',A'; P ,A) = -e[ V a (p',XT[P^g a p+i[M^ /2tm Uqu]if(p,X). (2.31) 

Comparing with Eq.(2.30) we notice that Proca's theory comes with a previously built in gyromagnetic factor of 
gv = 1. Instead, in (2.30) the gv parameter, that plays the role of the gyromagnetic ratio, is kept free until being 
fixed by dynamical constraints such as the unitarity of the Compton scattering amplitudes [13]. The indicated 
discrepancy between the two currents is at the root of the nonequivalence of their respective multipole moments. The 
latter are usually defined in terms of the electromagnetic form factors, fj. 

The electromagnetic form factors parametrize the most general third order in the momenta current compatible with 
Lorentz invariance, which is given by [14] 

j„(p', A'; A, p) = -e [r, a (p', X')]*V a0fi (p',p; F U F 2 ,F 3 )^( P , A), (2.32) 



where 



Vaf3^(p / ,P;F 1 ,F 2 ,F 3 ) = gapPf+Fx + (g^q a - g a ^qp)F 2 ~ -^^P^quqpF?,. (2.33) 



Again, because on mass shell, r] a (p, X)p a = 0, holds valid, the previous expression for the general vertex reduces to 

V a f3^(p',p; F 1 ,F 2 ,F 3 ) = gafiP^Fx - (g^p a + g afi p' /3 )F 2 + ■^^P fl p a p' f3 F 3 . (2.34) 

Performing the multipole decomposition of the latter current is standard. Along the line of Ref. [15], one first calculates 
in the Breit frame the corresponding charge [ps(q, A)] and current [gA/(q, A)] densities, in terms of which the static 
multipole moments are defined as 

e (uj 2 — q 2 ) e (Am 2 + q 2 — uj 2 ) eu 2 (Am 2 + q\ — uj 2 ) 
Mq, ±D = -4^* + ^ U, (2.35) 



e(2m 2 + qi) eqf eq£u>- 



= 2m 2 ^ ~ ^ + i^ F *> ^ 

qm^X) = - l -^-F 2 , «=( W ,q) ) (2.37) 
m 

with A = — 1, 0, 1, and ui 2 — Am 2 + q 2 . Then the related electromagnetic multipole moments are calculated as 

QeW = &'°H9<> £ (q,A)| q=0 , (2.38) 

QmW = J^J b w (-idq)g M (q, A)| q=0 , (2.39) 

with the b 10 coefficients obtained from the spherical harmonics as 



6'°(r) = l\y/4n/(2l + l)r%(Q). (2.40) 
In effect, in momentum space one encounters 

1, (2.41) 

-i-S-, (2-42) 
dq 3 

d 2 d 2 „ d 2 

H + M~ 2 W 3 (2 - 43) 

d ( d 2 d 2 _ d 2 



b m (- 


-i9 q ) 


b 10 (~ 


-idq) 


b 20 (- 


-idq) 


b 30 (- 


-idq) 



7'i 



' dqf dq 2 dq 2 



-3 i — 3^-2 + 3^ - 2— -J etc. (2.44) 



Thus, the following relationships between the electromagnetic multipole moments (calculated for the maximal A = +1 
polarization) and the form factors are found: 

Q° E (X = +1) = eF u (2.45a) 
QL(A = +1) = (2.45b) 



i2 



E (A = +1) = A i (F 1 -F 2 +F 3 ), (2.45c) 
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Here, Q° E (X = +1), Q\.j(\ = +1), and Q%{\ = +1) are the electric-charge, magnetic-dipole, and electric quadrupole 
moments, respectively. In the following we shall suppress the A dependence of the multipoles for the sake of simpli- 
fying notations. Then, the following relationship between the magnetic-dipole, and the electric quadrupole moments 
emerges: 

Ql = ^(F 1 +F 3 )--Q 1 M . (2.46) 
hi m 

Comparing the currents in (2.30) with (2.34) one finds 

F 1 = 1, F 2 = g v , F 3 = 0. (2.47) 
The associated electromagnetic moments are, correspondingly, 



>^ = e, (2.48a) 

l _ egv 



2m 



(2.48b) 



Q% = (2.48c) 



and the dipole and quadrupole moments relate as 



Q% = A - -Qli- (2-49) 



to 2 m 



As already mentioned before, in [13] the free parameter gv appearing in the Poincare covariant projector method, and 
thereby F 2 , has been fixed to the universal value of F 2 = gv = 2 from the requirement of unitarity of the Compton 
scattering. With that value, all the multipole moments of the W bosons are correctly reproduced. Compared to this, 
the Proca current j£ in (2.31) has F 2 = 1 which translates to an in-built gyromagnetic ratio that equals one. Because 
of this difference in the F 2 values, the quadrupole moment of the Proca current identically vanishes, and its magnetic 
dipole moment is half the one following from (2.31). 

This example reveals the nonequivalence of the two methods under consideration and convincingly shows that 
electromagnetic properties of physical spin-1 particles in (1/2, 1/2), such as the W boson, are adequately described 
by means of the Lagrangian in (2.27). The gauged Lagrangian Cp in (2.8) is incomplete in the sense that it describes 
spin-1 particles with vanishing quadrupole moments. 

The nonuniqueness discussed above does not restrict to a given representation alone. It turns out that different 
representations containing spin 1 can also provide wave equations equivalent to (2.9) and (2.26) at the noninteracting 
level. To illuminate this point, in the next subsection we present the description of spin 1 by means of the antisymmetric 
Lorcntz tensor of second rank. 



B. Nonuniqueness of the spin-1 description in (1,0) © (0, 1) 

Alternatively, one could consider spin 1 transforming in the pure spin 1 Lorentz-algebra representation, (1, 0)© (0, 1), 
whose 6 degrees of freedom can be mapped onto an antisymmetric Lorentz tensor of second rank, and denoted by 
w a P(p, A) in momentum space. These 6 degrees of freedom are distributed over a pair of spin-1 bosons of negative 
and positive parities, in turn denoted by w°t_^(p, A), and w1^(p,X) with A = —1,0,1 (see [8] for technical details); 
they are related as 



w 



a/3 (p,A)= X a ^_ P (P,A), (2.50) 



where 



is the chirality operator in this representation. 
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1. Deriving a Proca's wave equation from a combined mass-m and negative-parity projector: Causality test 



Now the projector operator in (2.1) can be chosen in parallel to (2.4) as 



n 



(1,0)9(0,1) 



P 



(p) = ^ P f^ (p) . 



(2.52) 



The momentum-space operators P°^ lS (p) and P"' 97<5 (p), in turn project on the respective amplitudes, ^"^(p, A) 
and w_(p, A), of the positive and negative-parity states of the quantum £? Q ^(x)field in (1,0) © (0,1) (the explicit 
expressions for them can be consulted in [8]). They are defined as 



( P ) = ]>>«VA)K 5 (p,A)r 



2p z 



Then the corresponding wave equations read 

P 2 

— P± 0lS (p)[w±(p, A)] 7 5 = w±^(p, A), 
[-m 2 l«W+p 2 Pf i (? ) )]K(p,A)] li = 0. 
The momentum space propagators associated with Eq. (2.56) are found as 



-m 2 l a ^P + p 2 Vf ap ( P )] {S±(p)} 



7(5 -i afiyS 



crp 



and amount to 



[S±(P)} 



1 



, 2 

m- 



Til ~ 



The explicit forms of (2.56) in configuration space are then obtained as 

l al 3jsm 2 + i (gaydfsds - g a sdpd 1 - g^dads + g/3sd a d y ) 
l a p 7 s(d 2 + m 2 ) - i {g ai dsdp - g a &d 1 dp - gp.yd s d a + gpsdfda) 



B 



~)8 



0, 



E>l S = 0, 



(2.53) 
(2.54) 
(2.55) 

(2.56a) 
(2.56b) 

(2.57) 

(2.58a) 
(2.58b) 

(2.59) 
(2.60) 



where B°^{x, A) and B°f(x, A) (arguments suppressed) are the Fourier transforms of w c ^ l3 (p,X), and w"^(p, A), 
respectively. 

Equation (2.59) does not contain a d 2 term, in parallel to the nonpropagating scalar sector of the four-vector in 
(2.10). Instead, the wave equation for the positive parities of the antisymmetric tensor parallels the wave equation for 
the negative-parity sector of the four- vector in (2.7). It is now instructive to compare the above approach to Proca's 
theory where a freely moving antisymmetric-tensor field is described by the following textbook Lagrangian: 



4 P) = -m 2 B^B^ - -G M G M , = d a B atl . 

Then, the corresponding Euler-Lagrange equation emerges as 

d a d s B S p - dpd^a = -m 2 B afi . 



(2.61) 



(2.62) 



A comparison of (2.62) with (2.59) reveals their identity for the noninteracting case, in which the anti-commutators 
of the ordinary derivatives are vanishing. Upon gauging, these commutators will give rise to the electromagnetic field 
tensor and to nongradiental Yukawa tensor-tensor couplings. 
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Also here we shall test the hyperbolicity and causality of the gauged equations (2.60), on the one side, and of 
(2.62) and (2.59), on the other, that incorporate the following gauged auxiliary conditions (obtained by contracting 
the respective equations be D a ): 



m 2 D a B a + p = - [-F KT D P + gP K F\D a - g p T F\D a ] , 



(2.63) 



for the positive parities, and 



DoB a _ p = - \F K p D r - F T P D K + D p F KT ] B K _ T + D 2 D K B 



lip 



(2.64) 



for negative ones. With that the gauged equations (2.60) [equivalent to(2.62)] and (2.59) become 

2ie 



l aPl s{D 2 + to 2 ) - 2iel a f p F%l a ^ & - ^l a ^D^F lS D v 



,l a0 pv D^F ap g VT D a l pT lS 



B\ s = 0, (2.65) 



l a ^ 7< 5TO 2 



:e 2 F a pF^ s + l aP pv D^{ieF v<y + g ua D 2 )D p \ ap \ s 



Bl 5 = 0. 



(2.66) 



The latter equations show that while the negative-parity equation is of fourth order, the positive-parity one conserves 
its second order, meaning that the hyperbolicity of the negative-parity equation remains inconclusive at this stage 
because the Currant-Hilbert criterion solely applies to equations of maximally second order. This behavior is quite 
unexpected indeed as it resembles more the nonpropagating scalar sector in the four-vector, whose genuine gauged 
equation (2.17) is of fourth order, than the well-behaved polar vector sector in (2.15). Therefore, only the hyperbolicity 
of the positive parity equation can be tested. In so doing, the characteristic determinant is straightforwardly calculated 
as n 12 , similar to (2.16), thus implying both hyperbolicity and causality of this very equation. Therefore, it is the 
positive parity sector in (1,0) © (0,1) that better matches the negative-parity sector in (1/2,1/2). This situation 
is alerting about any precipitate conclusions on the equivalent descriptions of spin 1 by means of (1/2,1/2) and 
(1, 0) © (0, 1). Our next point throws more light on this issue. 



2. The vector-tensor equivalence theorem within Proca's approach 

In contracting Eq. (2.62) from above by d a amounts to 

d 2 G - d a d p G a + m 2 G p = (d 2 + m 2 )Gf} ~ d a d p G a = 0, G n = d^B^. (2.67) 

In now rescaling G v by an inverse mass with the purpose of matching dimensionality, i.e. in introducing V v — -^G^, 
Eq. (2.67) becomes 

(d 2 +m 2 )V p -d a dpV a = 0, (2.68) 

which is equivalent to (2.9). Both equations lead to equivalent theories for noninteracting spin-1 particles. The above 
equivalence reflects the fact that any antisymmetric tensor of second rank is representable in terms of a four vector, 
V^, according to 

= d^V v - d v V^ (2.69) 

meaning that the knowledge on B^ is reduced to the knowledge on V p . Therefore, the (four-vector)-(antisymmetric 
tensor) equivalence theorem (shortly, the vector-tensor tensor equivalence) [9] concerns, in the first place the solutions 
of the wave equations (2.9) and (2.68). However, it should be obvious that the equivalence extends to the genuine 
gauged equations too in complete parallel to Eqs. (2.7) and (2.15) from above. Below we shall see that this equivalence 
also fully extends to the electromagnetic currents, having its validity for the particular case of a gyromagnetic ratio 
taking the unphysical unit value. Beyond this, and for the case of the general Poincare covariant projector method, 
the equivalence will be removed. 
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3. Spin-1 wave equation from the Poincare covariant projector method: Causality proof 



The counterpart of Eq. (2.18) for the antisymmetric tensor, 



n Q/37<5 (p)(i, )e(o,i) w 75(P J A ) = «V(P= A )» n Q07,5 (p)(i,o)ffi(o,i) = —^—2 w ( 2 i,o)®(o,i)(P) 



(2.70) 



can be elaborated too, and same argument as the one that conduced to Eq. (2.26) can also be applied to extend (2.60) 
toward a Lagrangian which contains the most general antisymmetric derivative contributions. Such an extension has 
been performed within the Poincare covariant projector method and the following result has been found in [8] : 

2 r 



m 2 l a07 s] w lS (p, A) = 0, 
with the antisymmetric unit lap^s as defined in (2.55) and 



(2.71) 



(2.72) 



(M 



1 



( M (T/2.1/2))ai9pS + 5a 7 (M( 1 1 / 2jl/2) )/35 ~ 0^(1/2,1/2) )a55/3 7 ~ 9as{M^ /21/2) ) Pl . (2.73) 



Here, M^ v stand for the Lorentz-algebra generators in the antisymmetric tensor representation, and g is again a free 
parameter, to be associated in the following with the gyromagnetic ratio in (1, 0) © (0, 1). Equation (2.71) is satisfied 
by both parities, a reason for which no parity index, ±, has been attached to the solutions. In position space, the 
equation of motion (2.71) can be expressed more transparently as 



(d 2 + m 2 ) B aP + | ([d a , ft,] B J p + [dp,d s ] B\ - [d a ,d s ] Bp 6 - [dp,d 7 ] B^) = 0. 

The former equation follows from the Lagrangian [8]: 

C T {x) = {d^B a0 {x))*T a i ^B^{x) - m 2 (B^(x))*B a0 (x). 

Comparing (2.74) to (2.60) one sees that they are equivalent for free particles though, in accounting for (2.25), they 
are quite different upon gauging. The gauged Lagrangian corresponding to (2.75) reads 



(2.74) 



(2.75) 



£ T (x) = (D»B a e(x)yr^ v D»B^(x) - m 2 (B^(x))*B a p(x). 
That Ct{x) is Hermitian can be verified using 



■ -ySctfli/fi- 



The propagator associated to (2.71) reads 



P 



m 2 + i e 



(2.76) 
(2.77) 

(2.78) 



The proof of the hyperbolicity of Eq. (2.74) is quite easy. Indeed, in noticing that upon gauging the derivatives 
entering the commutators will give rise to the electromagnetic field tensor, one immediately sees that the only second 
order derivatives entering the characteristic determinant are those contained in the diagonal kinetic term. In this 
way a genuine differential equation is obtained without any need for invoking supplementary conditions. Then the 
characteristic determinant simply equals (n 2 ) 6 , thus making the hyperbolicity and causality in question manifest. 

Finally, it has to be emphasized that differently from Proca's single-parity equation in (2.66) and its inconclusive 
hyperbolicity, the Poincare covariant projector method describes all 6 degrees of freedom constituting the spin-1 
parity doublet as causally propagating, a circumstance that will acquire significant importance in Sec. Ill B below 
in connection with obtaining at high energies finite differential and total cross sections for Compton scattering off 
(1,0)0(0,1). 



C. Representation dependence of the currents: Violation of the vector-tensor equivalence theorem for g / 1 

1. Electromagnetic current for (1,0) © (0, 1) from mass-m and negative-parity projector methods 

In order to find the Noether current of (1,0)© (0, 1) bosons within the combined mass and parity-projector methods 
it is useful to rewrite (2.56) as 



wl 5 = 0, 



(2.79) 
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where 

T~ MSlJiV = -^[(M (1/2)1/2) )^]^[(M (1/2)1/2) ) I/p ] 7 ^ (2.80) 
= --j[9av.{9M9sv - gpsg-fv) + gp^igasg-fv - g ai gsu)}- (2-81) 

The corresponding electromagnetic current involving the negative-parity states is then given by 

j-(p',X';p,X) = ~e[w a J(p\\TO i J, (Sfl (p', P )wl s (p,\) (2.82) 

with 

ap-y6n(p'>P) = T ap-rSu^P' U + T a/3 7( 5 M X- ( 2 -83) 

This vertex satisfies the Ward-Takashi identity, 

(P PrO-^(p\ P ) = [S-^ip')}- 1 [S'^sipT 1 , (2.84) 

with the propagator defined in (2.58). In making use of the standard representation of the antisymmetric tensor in 
terms of the four- vector, 

w a J( P ,\) = ^bV^^-pYfeA^^K^/^feA), (2.85) 
V2m \>2m 

{with a normalization factor of l/(\/2m), so that [w" 13 (p, X)]*[w^(p, X)] a /3 = —1} allows us to reexpress (2.82) as a 
current between four-vector states according to 

j-(p',X';p,X) = -eh a (p',A')]*V^( P »/(p,A). (2.86) 

As long as the r] a (p) states are on mass shell, the terms in V~^(p' ,p) containing p' a and p@ can be omitted, which 
leads to 

Kpnip'iP) = (p +p)t^g a fs - {p a gf}» - p'f)g a »)- (2.87) 

Comparing the latter expression with the general vertex (2.34), we find the following parametrization for this current: 

Fi=l, F 2 = l, F 3 =Q. (2.88) 
One sees that the electromagnetic multipole moments, 

Q% = e, Q 1 M = 1 ^, Q| = 0, (2.89) 

are same as those of a Proca particle. In consequence one observes that for the particular case of Proca's approach, due 
to the in-built gv — 1 value, the vector-tensor equivalence theorem extends to the level of the respective electromag- 
netic currents. However, as long as the electromagnetic multipole moments in (2.89) are unphysical, the equivalence 
theorem cannot be given a physical status either. Rather, one has to seek to confirm it independently within methods 
known for their physical predictive power, among them the Poincare covariant projector formalism. Below we shall 
see that the vector-tensor equivalence is not universal but can appear violated at the level of the currents which, in 
general, turn out to be characterized by different form factors. 

2. Electromagnetic current for (1,0) © (0, 1) within the Poincare covariant projector method 

The Lagrangian in (2.76) gives rise to the following electromagnetic current in momentum space: 

jj(p, A; p', A') = -e[tu Q V, A')]* [T a ^ Svfl p" / + T a ^ v p»} w^ 5 (p, A). (2.90) 
From now onwards we restrict to the vertex that is of first order in the charge of the particle, 

V(p' ,p) a i3 7 Sii = ^a^Su/xP'" + ^aPjS^P" ] (2-91) 
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this vertex satisfies the Ward-Takahashi identity, 

(p' -pyV(p',p) a fr Sll = [Sip')^}- 1 - [S(p) a ^ 5 }-\ (2.92) 

with the propagator defined in (2.78). If we express the T a ^siiv tensor in terms of the [■Mz /I/ ] a pyS generators in (2.73), 
the following two-term convection plus spin-magnetization current emerges: 

#(P, A; P ', V) = -eK"(p', A')]* [p^s + i~g (M%,) afhS q v ] w^ s (p, A). (2.93) 

It is now quite instructive to reexpress this current in terms of the four-vector degrees of freedom in reference to (2.69) 
and using r/(p, A) from (2.29). In so doing, the following equality is found: 



1V1 {l/2,l/2) 



a/3 



(i T f (p,A;p',A') = -e[<(p',A')]*|P^?+^ 

+ ^2 2 (5 - 1) Ms - (p' ■ P)g a p) P»} rf(j>, A). (2.94) 

The vertex, V^5„(p',p), corresponding to this current is given by the expression in the curly brackets and reduces on 
shell to 

VjftuCzAp) = gapP^g - (g^p a + g a ^p'p)g + -^P^Pap'pig - 1) 

+^g a pP ll (j/-p)(i-g), (2.95) 

Notice that except for the particular g = 1 value, the latter set is distinct from Proca's form factors in (2.88). 
A direct comparison of the latter equation with (2.34) allows us to identify the electromagnetic form factors as 

Fi=g+^(l-g)tf-p), F 2 =g, F 3 = -2(1 -g). (2.96) 

Here, a momentum dependence in F\ had to be included in order to account for the extension of the current 
{j V Y (P, A; p', A') in (2.30) to the current (j T ) AI (p, A; p', A') in (2.94). In the Breit frame we have p' -p = m 2 + q 2 /2; 
taking into account this q 2 dependence in .Fi(q 2 ), the calculation of the corresponding multipole moments gives a 
similar result to (2.45) but with the replacement F\ — > -Fi(O) = 1. For a particle of A = 1 we get 



eg 

2m ' 

e(i-g) 



(2.97a) 
(2.97b) 

(2.97c) 



Comparing the last equations with (2.48), one immediately realizes that for g = gv ^ 1 the sign of the quadrupole 
moment in the antisymmetric-tensor representation is inverted relative to the one observed in the four-vector. Our 
observation is in accord with a similar finding reported earlier in [16]. We here attribute this peculiarity to the 
different F{ values taken in the four-vector (2.47), in comparison with those characterizing the antisymmetric-tensor 
(2.96) representations (again, for g — gv !)■ To be specific, the first impression is that the two sets of form factors 
under discussion are characterized by two different F\ and F3 values. However, as long as i^i(q 2 ) enters the multipole 
moments as -Fi(O) = 1, its contribution to these observables is effectively equivalent to its counterpart F± = 1 within 
the four- vector. In effect, one is left with the difference in F3 and it is that very form factor that provokes the 
aforementioned change of sign in Q\. 

The above considerations show beyond any doubt that within the Poincare covariant projector method the current 
in the antisymmetric tensor in (2.93) and its equivalent in (2.94) is quite different from the one corresponding to spin 
1 in (1/2, 1/2) and given in (2.30). 

To recapitulate, we presented a total of four different spin-1 wave equations, equivalent at the free-particle level, 
and, in general, distinct upon gauging. Not all of them predict electromagnetic multipole moments which can be 
attributed to experimentally observed particles. The predictions of the Poincare covariant projector method for the 
multipole moments of a fundamental boson transforming as a four-vector [13] have successfully matched data on the 
W boson. As to the multipole moments calculated for the antisymmetric-tensor representation, no certain match 
with observed mesons can be claimed so far, mainly because of the composite nature of hadrons. Recent lattice QCD 
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i[S(p)] a p-yS \ 

7<5 . . . a/3 ie[V(p',p)] a ^s^> — - — [w al3 (p')Y ie 2 C a p j5 ^ 

Fig. 1: Feynman rules corresponding to the Lagrangian in (2.75) in combination with eqs. (2.72)-(2.73). 

simulations [19] do indeed predict an oblate p meson quadrupole moment, just as is known for the W boson, which 
seems to bring the traditional candidates for (1, 0) ® (0, 1) residents, the p- and a\ mesons, closer to the four-vector 
representation. However, in order to correctly pin down the relevant representation, a careful and reliable study on the 
effect of the internal structure on the interpolation of the electromagnetic form factors to zero momentum transfer is 
indispensable. We here take the position that the unitarity of the Compton scattering cross section in the ultraviolet 
provides a reliable criterion on the observability of the states in any given Lorentz representation. It is the goal of the 
present investigation to employ the latter criterion in testing the credibility of the pure spin-1 wave equation following 
from the Poincare covariant projector method, and analyze the observability of massive fundamental spin-1 bosons 
residing in the antisymmetric tensor. The rest of the paper is devoted to this issue. 

III. COMPTON SCATTERING IN (1,0) (0, 1) WITHIN THE POINCARE COVARIANT PROJECTOR 

METHOD 

A. General formulas for the scattering amplitudes 

The Feynman rules extracted from the interaction Lagrangian (2.75) together with the propagator calculated as 
the inverse of the equation of motion (2.71) are depicted in Fig. 1, while the notations used for the process under 
investigation are presented in Fig. 2. Finally, the scattering amplitude is determined by the contributions of the 




w^( P ) KV)]* 

Fig. 2: Schematic presentation of the process of Compton scattering, 
three diagrams in Fig. 3 as 

vn = m A + < m B + m c , (3.1) 

^(q) [e»(q')}* e"{q) [e»(q')]* £*(«) WW)]* 






w"(p) KV)]* ™ jS (p) _ KV)]* w1S (p) m KV)1* 

vjIa vjIb yj'c 

Fig. 3: Feynman diagrams for the contributions to the tree level Compton scattering amplitude. For notations see the text. 
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the explicit expressions being given by 

iORA = e> a V,ATWQ) a ^CM n (G^ ( 3 - 2 ) 
iM B = e 2 [w^(p\XTV(p\R)a^cMR) nCH V(R,p)e^8^ s (p,X)[e^ (3.3) 

iM c = -e 2 K' 3 (p',A')]*K«/ 37 ^^ 75 (p,A)^(q',f)]*e l '(q,£). (3.4) 

Here Q = p + q = p' + q' and R = p' — q = p — q' are in turn the momenta of the intermediate states in the s and 
u channels, pip') stands for the momentum of the incident (scattered) target boson, while q(q') is the momentum of 
the incident (scattered) photon. The Ward-Takahashi identity (2.92) leads to 3Jl(e(q) q) = 0, meaning the gauge 
invariance of the amplitude. Insertion of the propagator in (3.4) amounts to 

iM = e> Q V ,A0]*£W^ 5 (p,A)[e'*(q / W^M, (3.5) 
with e M denoting the photon polarization vectors, and 

rrfwpn ^ _ V{p',QUe^V{Q,p)^ lS u , V{p' ,R) a pe^V{R,p) 8 ^^ v ,„ 

U(p ,P,Q,p) a 0fS^ = Q 2 _ m 2 + R2 _ m 2 VafrSpv (3-6) 

The complex conjugate to this amplitude is obtained with the aid of (2.77), (2.91), and (3.6) as 

V*(k', fc) Q( 3 7<5A1 =V(k', fc) Q/ 3 7 a M = V(k, k')-fSaPn, (3.7) 

U*{p' 1 Q,R 1 p) a f )l s^u =U(p r ,Q,R,p) a p y sp V = U(p,Q,R,j/)is a pvif (3-8) 

In effect, one finds 

- i 97T = e 2 [w* (p, A)] * Ufa Q, R, p'U^w*? (p', A')e C (q', (!) [e"(q, £)}*, (3.9) 

which allows us to calculate the squared amplitude as 

\M\ 2 =931971* = e 4 {w a P(p\\')}*U a p 7S ^,Q,R,p)w^\p,\){w T Z(p,\)}*U(p,Q,R,p'^^ 

xe"( q ,e)[e^qJ)}*eHq',£')[e^q\eT (3-10) 

Finally, the averaged squared amplitude is found upon summing over the polarizations (abbreviated as pol) and 
amounts to 

W = \ E l^l 2 = jV^VWcfrs^b/, Q, r, p )^ St Hp)u(p, q, r,p'U* p v >*. (3.ii) 

pol 

Here, use was made of 

^e-(q,£)[e"(q,£)]* = -<f\ JVCq'.OW.O]* = -.9 Cm , (3-12) 

and 

E """'(P. A )K« (P, A)]* = P^(P), E ^ P (P'' *')KV> A')]* = P^(P')- (3-13) 

A A' 

An essential ingredient of the amplitude is the P 7<5T £(p) projector operator which identifies the properties of the 
degrees of freedom in (1,0) © (0,1) on which the scattering of photons takes place. The latter, here denoted by 
W°L^(p, A) and w a f{p, A), are in their turn the eigenstates to the parity operator and of either positive or negative 
eigenvalues. 

B. Compton scattering off the parity degrees of freedom 

1. Pomcare covariant projector method 

Before commencing we recall the projectors on the states of positive {(if? (p, A)}, and negative [w_ (p, A)] states 
from the respective Eqs. (2.53) and (2.54), 

Pf 57 (P) =E<W)K 7 (P,A)]*, P^( P ) = -^^( P ,A)[ W 5 J( P ,A)]*. (3.14) 
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The Compton scattering amplitudes off the parity degrees of freedom are then obtained upon subsequently substi- 
tuting P Q ^ l57 (p), and P Q £ w T(p / ) in (3.11) by one of the projectors in (3.14) according to 

M Wl7ri = jP^( P ')U a ^( P \Q,R,p)PZ 5 jHp)U(p,Q,R,p , Ua P ^, tti = +,-, (3.16) 



Specifically, for 7Ti = — , the following expression is obtained: 

M- = fa + Ifn + fr + - ^V"^ 3 £G - 2) Z «r-- (3-17) 
•J 12m* (m z — s) (to z — u) ; i 

Here, we have introduced the notations, 



_ 4e 4 (5m 8 - 4(s + u)«i 6 + (s 2 + u 2 )to 4 + s 2 u 2 ) 

JO — / n TTT n V2 ' (3.18) 

(m z — s) z (m z — u) z 



2e i (-2m 2 + s + u) 2 

Id = T—o tt-^ r-, (3.19) 

(m z — s)(m z — u) 

2e 4 (-2m 2 + s + u) 2 

fr = i - 4 L , 3.20 

to 4 

with s, t, and u being the standard Mandelstam variables. 
It is interesting to notice that 

• the terms /o and ju are finite in the ultrarelativistic limit, 

• the fx term diverges at high energies, 

• all the g dependence enters the expression in the form of a power series of (g — 2)', the expansion coefficients 

being calculated as 

= — 16 (m 2 — s) (to 2 — it) (2m 2 — s — uj (3to 4 + 3(s + u)m 2 — 5suj , (3-21) 
= 4 (-30m 10 + 18(s + u)m & + (l9(s 2 + u 2 ) + 66us) m 6 

-(s + uj (ll(s 2 + u 2 ) + WOus) to 4 + 7su (5(s 2 + u 2 ) + Wus) m 2 - 24sV(s + uj) , (3.22) 
«3 " = - 16 (m 2 - s) (to 2 - u) (3m 6 - (s 2 + 7us + u 2 ) m 2 + 3su(s + u)) , (3.23) 
" = - 6to 10 + 9(s + u)m 8 - 2(s + u) (s 2 + 10ns + u 2 ) m 4 (3.24) 
+ 2su (5s 2 + 17ms + 5u 2 ) m 2 - 9sV(s + uj. (3.25) 

With that in mind, the immediate conclusions following from (3.17) are that 

• the divergence brought about by the g dependent terms can be removed by setting g = 2, 

• the divergence due to the parameter-independent term fx is unavoidable. 
For M ++ same expression is found, i.e. 

M++ = M__. (3.26) 

2. The differential cross section 
The differential cross section is now obtained in terms of the sum of Af__, and M+ + as 



da f 1 u>' ' \ 2 . / da da + ^ 



[M__ + M ++ ]= + , (3.27) 



dQ \87rm uj J \ dfl dfl 
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where we defined 

dcr— ( 1 ^'\ 2 „, da ++ ( 1 u/\ 2 

— ^r- = n M — ! — ^ = n M ++- 3.28 

ciS2 \8mn ui J ail \87tto lu J 

We perform all simplifications in the laboratory frame, here 

s = m(m + 2oS) , u = m(m — 2u> ), (3.29) 

with w and w being the energies of the incident, and the scattered photons, respectively. The u) and w' variables are 
related by means of the scattering angle 9 as 



(3.30) 



to + oj(1 — cos 9) 

after some algebraic manipulations, one can cast the differential cross section derived from (3.17) as 

d<J-- 8 (x — l)?7 2 rn \-> /— „w, 

~dn~ =Za + 3 ZD + ZT+ 48(U+U l) 4 S (5 " 2) ^ ■ (3 ' 31) 

Here, ro = e 2 /(47rm) = a/m, x = cos9 and 77 = co/m, while the Zi terms are related to the /j as ^g~^~^j /i! 
explicitly we get 



Qr 2 + l)r 2 
2{{x- 1)77- l) 2 



*0 = ^771 TTT (3-32) 



(x-l)Vr 2 

ZD - "2(^-1)^-1)3' ( 3 - 33 ) 

ZT - („(*-!)- 1)4" ( 3 - 34 ) 

Correspondingly, the coefficients 6 ; in the power series expansion of the g dependent piece of the cross section relate 
to a7" as b~ = —^-. ffl--, this is 

&7™ =64(a; - 1) ((a; + 4)?? 2 - arjy + 77 + l) , (3.35) 

fcT~ =8 (-x 2 + 3.x + (x- l)(13x + 35)r7 2 + (x - l)((a: - 3)x + 77 - 8) , (3.36) 

63 _ =32((a - l)r/(2(a; + 2)77 + 1) - 1), (3.37) 

b- - ={x - l)(x(x + 14) + 21)r/ 2 + 2{x - T)(x + 3)r? - 2(x + 3). (3.38) 

Equation (3.31), in combination with the subsequent Eqs. (3.34)-(3.38) shows that the differential cross section 
is a well-behaved quantity in the forward direction, x — > 1, for any g, and divergent elsewhere. This contrasts the 
situation of Compton scattering off the four- vector, earlier reported by us in [13], which has been found to be well 
behaved in all directions provided the gyromagnetic ratio was to take the universal value of gv = 2. For spin 1 in the 
antisymmetric tensor, the g = 2 value solely kills the last term on the right-hand side in (3.31) but one is nonetheless 
left with the ^-independent divergent term zt in (3.34). Therefore, no constraint could be obtained on the <? value 
which so far still remains undetermined. In effect, unitarity is violated in Compton scattering off (1, 0) © (0, 1), and 
in contrast to same process regarding the four-vector. The problem extends to the total cross sections as well. In 
effect, one is forced to admit that massive fundamental spin-1 bosons residing in the antisymmetric tensor present 
themselves as profoundly distinct from those residing in the four-vector. 



3. Proca's method 



The differential cross section for Compton scattering from the negative-parity states in (1,0) © (0,1) can also be 
obtained within Proca's method along the line of Sec. II Bl. This is done by replacing the propagator in (2.78) by 
the one in (2.58), and the T a faSnP tensors in (2.72) by the T~p s tensors in (2.80). In effect, the following result is 
found: 

~ln~ = 96(-xr, + ? 7+l)6 E ^ (3 ' 39) 
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Here. 



b P 


=48 (x 2 + l) , 


(3.40) 


b p 


= - 192(.t - 1) (a; 2 + l) , 


(3.41) 


bl 


=2 (144s 4 - 288x 3 + 295a; 2 - 336a; + 187) , 


(3.42) 


b P 


= - 6(x - 1) (32x 4 - 64a; 3 + 71x 2 - 112a; + 75) , 


(3.43) 


bl 


=(x - l) 2 (48x 4 - 96a; 3 + 139x 2 - 400a; + 335) , 


(3.44) 


b P 


= -16(a;-l) 3 (a; 2 -8a; + 9), 


(3.45) 


b p 


= (x-l) 4 (a; 2 - 16x + 29) . 


(3.46) 



Analyzing the above expression, one finds the correct low energy classical limit. However, at high energy this dif- 
ferential cross section grows infinitely in all directions. This behavior has to be attributed to the differences in the 
vertices defining the Feynman rules in the two methods under discussion. 



C. Compton scattering off the parity doublet as a whole 



In the current section we shall entertain options for restoring unitarity in Compton scattering off (1,0) © (0,1). 
We begin with the observation that in substituting P"^ 57 (p) and P Q ' 3 ' 5 T(p') in (3.11) by the projectors on the whole 
space, describing the spin-1 parity doublet according to 

P a ^{p) = P^ 57 (p) + P°f Sl {p) = l a ^ s , (3.47) 
would generate the following averaged squared amplitude: 

]M\*~ = M ™ ( 3 - 48 ) 

7Tl ,7T2 

M^ 2 = jP^(p')U aP7S ^( P \Q,R, P )PZ s jHp)U(p,Q,R,p'Ua P ,/ ' 1 , 7ri = ±, tt 2 =±. (3.49) 
Because of M ++ = M__ and M_| = M |_, the following expression is obtained: 



\M\ 2 = 2(M__+M+_), 



(3.50) 



where 



M+- = -- k \w a J( P ', A')l * U aMS ^{ Pl Q, R, P ')wl s (p, A) [eftf, A')]* e»(q, A) 



pol 



(3.51) 



The explicit expression for M_| is now calculated as 

M+_ = -M__ + f D + |/ D + 2(g2 3 ~ 4) /r,, M+_ + M__ = fo + |/ D + 2(g ~ A) fD- (3.52) 

This expression shows that due to the presence of M in the expression for M_| , the parity-mixed amplitude is 

also divergent. However, due to the negative sign of M in (3.52), the net amplitude M + M_| for the parity 

doublet will be well behaved. Indeed, insertion of the last equation in (3.50), and accounting for the fact that the fo 
and fo quantities in (3.20) are finite in the ultraviolet, amounts to the desired cancellation of the divergent terms. 

This is the key result of the present work and a comment on the details staying behind is in order. Notice 
that the cancellation between the divergences in the parity-diagonal, and the parity-mixed amplitudes, 

M__ and M |_ in (3.52), was achieved on the cost of assuming equality between the vertices including 

the photon and the — > vector current, on the one side, and the photon and the axial u>"^ — > vf^ 
(equivalently, — > X 10 ^) current on the other side. Here, x stands for the chirality operator in 
(1, 0) © (0, 1) defined in (2.51). Such is justified only if the massless projectile that couples in one of the 
vertices to the parity-mixed target current is an axial vector, such as an axial photon (see Fig. 4). In 
effect, the divergence cancellation presented above can take place in one of the possibilities in theories of 
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<l) WW [e(q')Y e(q) [e(g')]* 





ieV{pM)y-*-<iex-V{Q,p') ie X -V(p,Q) f=^\ieV(Q,p') XT ^ * C 

S(Q) \ / S(R) 

w-O) [io_(p')]* w-O) [u>_(p')]* io- (p) [w_(p')]* 

Fig. 4: Diagrams representing the emission and absorption of a massless axial vector projectile, denoted by i(q'). 

electromagnetic interactions which allow for two photons of opposite parities, as considered in dual theories 
of electromagnetism [17, 18]. Alternatively, within Standard Model physics, the place of the axial spin-1 
projectile could be taken by a gradiently coupled massless Goldstone pion, in which case the process under 
investigation would correspond to photo-pion production off a chiral system. The expressions for the cross 
sections have to be slightly modified algebraically to include the new coupling. The axial current by itself, 

which underlies the parity-mixed amplitude, M_| , is allowed because by virtue of the commutativity of 

the parity- and charge-conjugation operators in the representation space under investigation, the opposite 
parity states do not behave as particles and antiparticles to each other. 



1. The differential cross sections 
The differential cross section in the laboratory frame follows from 



da ( 1 to' \ 2 -. T7- / da doj . 

1 l-W = 2 _ + _±- , (3.53) 



d£l \87rrn uj J \ d£l dfl 

where have defined 



da ( 1 \ 2 „ ^ da^ ( 1 u/ N 



d£l \ Sttjji uj J ' dfl \ 87rm u> ) ' + ( ) 

The substitution of (3.30) in (3.53) amounts to the following expression for da^ /d£l: 

da+- da 8 2 .„ „. . ,, 

~dh~ = ~sr + Zo + r° + 3 {g ~ 2)(5 + 2)ZD > (3 - 55) 

with zo and Zd from (3.32) and (3.33). Notice that differently from the scattering off the parity states, here 

• all the terms entering the expression for the cross section are finite, 

• the 5 parameter looses its importance as a tool for removing divergences. 

Upon substitution of (3.54) in (3.27), the final result for scattering off the parity doublet as a a whole (3.47) is 

obtained. As we can see from (3.31) and (3.55), both da jdVi and da^ /dfl have a divergent high energy behavior 

contained both in the z^-term in (3.34) and the coefficients in (3.38). However, because the da/dil is defined by 
the difference of these two divergences, one ends up with a well-behaved differential cross section in the ultraviolet, 
as illustrated by Figs. 5 and 6. There we plot the quantities 

da = —^t—tt, do-__ = i — — — , da< = i — -i— , (3.56) 

2r\ dtt rl dtt + r\ dfl ' 



again assuming g = 2 for concreteness. 
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da(n, x) 




Fig. 5: Plot of da-- (long-dashed line) and da+- (short-dashed line) from Eq. (3.56) together with da = da-- + da^ 

(continuous line), for g = 2, at energy r\ — 1, as functions of x = cos#, where 6 is the scattering angle in the laboratory frame. 

da(n, x) 



Fig. 6: Plot of da-- (long-dashed line) and da+- (short-dashed line) from Eq. (3.56) together with da = da-- + da^ 

(continuous line), for g = 2, at energy r\ — 5, as functions of x = cos 9, where 6 is the scattering angle in the laboratory frame. 



2. The total cross section 



According to Eq. (3.27), the total cross section accordingly separates as 

f 271 , , f 1 , da . 

a = h d(t> J- 1 dx dh = 2{a - + (7+ - ) - 

Carrying out the integration amounts to 



•so 



log(2r7 + l)Bf 
32rj 2 



8 (g-2)(g + 2) 

0+_ = -(T +S + -S£)H S_d, 



where ctt is the Thompson cross section <jt = (8/3)7rrQ, and 

3(7? + 1)<7 T (2t7(77 + 1) - (277 + 1) log(2?7 + 1)) 



so 



4t7 3 (2t7+ 1) 

3cr T ((2r7 + I) 2 log(2r7 + 1) - 277(377 + 1)) 



877(27/ + 1) 



4?7 4 erx 
(277 + 1)2 



(3.57) 

(3.58) 
(3.59) 

(3.60) 
(3.61) 
(3.62) 
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Furthermore, the explicit evaluation of the coefficients, Aj , in the power series expansion of the g dependent piece of 
the cross section, i.e. in the last term on the right hand side in (3.58) gives 



at; = 



32r; (2(V + 22ry 3 - 3r/ 2 - 12?/ - 3) , 

4 (1927? 5 + 322ry 4 + 219r? 3 + 90?7 2 + 42r; + 9) 



Al = I677 2 (24ry 3 + 50r; 2 + 3377 + 6) 



Al = 
Bf = 



B 
B 



77 (I2rf + 212?] 3 + 19477 2 

-32(77-1)77, 

4 (-137, 2 + 77 - 3), 

-32t7 2 , 

-77(877 + 3). 



6977 + 9) 



(3.63) 
(3.64) 
(3.65) 
(3.66) 
(3.67) 
(3.68) 
(3.69) 
(3.70) 



Now in taking the sum of Eqs. (3.58) and (3.59), one sees that the divergent a is completely canceled by cr_| 

because of the negative sign of a contained in it. The cancellation of the divergent behavior is shown in Figs. 7 

and 8, where the following quantities have been displayed: 



1 



1 



1 



CT =2^ a ' 



ax 



a — — (T4 



(3.71) 

again choosing g = 2 for concreteness. The extension of the calculation of the Compton scattering cross sections 




Fig. 7: Plot of (7— (long-dashed line) and (short-dashed line) from Eq. (3.71) together with a — a + (continuous 

line), for g = 2 as functions of r\ — oj/m, where ui is the energy of the incident photon and m is the mass of the target up to 
the energy of 77 = 1. 
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Fig. 8: Plot of <t__ (long-dashed line) and (short-dashed line) from Eq. (3.71) together with a — a + (continuous 

line), for g = 2 as functions of 77 = cj/m, where tj is the energy of the incident photon and m is the mass of the target up to 
the energy of 77 = 5. 
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to include the negative-parity degrees of freedom of (1,0) © (0,1) became possible due to their causal propagating 
character within the framework of the Poincare covariant projector formalism. 

IV. CONCLUSIONS 

In this work we studied the spin-1 description by either the four- vector or the antisymmetric-tensor representation 
of the Lorentz group, with the special emphasis on the unitarity of Compton scattering in the ultrarelativistic limit. 
We observed that the single-parity Proca theory completely fails in describing the process under investigation, leading 
to cross sections in the ultrarelativistic limit that are divergent in all directions. This shortcoming could be removed 
within the Poincare covariant projector method, suited equally well for the description of single-parity degrees of 
freedom on the one side, and of parity doublets on the other. Specifically, the Compton scattering cross section off the 
parity degrees of freedom in (1, 0) © (0, 1) turns out to be finite in the forward direction, though it is still divergent 
elsewhere. Moreover, they turned out to be independent of the value of the gyromagnetic ratio. This behavior is quite 
different from that of Compton scattering off spin-1 states transforming as four-vectors, where, within the framework 
employed here, the cross sections are finite in all directions in the ultraviolet for the universal value g — 2 of the 
gyromagnetic ratio. 

The price for achieving finite Compton scattering amplitudes for spin 1 residing in the antisymmetric tensor has 
been to admit for vertices describing the coupling of a massless axial-vector projectile to the parity-mixed current 
in the representation under consideration, in which case the net parity-doublet amplitudes have been obtained finite 
in all directions unconditionally and for any g. In one of the possibilities, massless spin-1 projectiles could be axial 
photons, allowed to coexist with vector photons in dual theories of electrodynamics. Alternatively, their place can be 
taken by gradiently coupled Goldstone pions, in which case the expressions for the cross sections have to be slightly 
modified algebraically to include the new coupling. Moreover, fundamental spin-1 antisymmetric-tensor bosons can 
also exist as composite hadrons, in which case the aforementioned divergences could be removed by properly behaving 
form factors. 

We furthermore analyzed in detail the vector-tensor equivalence theorem and showed that it has its validity solely 
for the unphysical unit value of the gyromagnetic ratio, and is otherwise violated through the gauging procedure at 
the level of the genuine hyperbolic and causal gauged equations on the one side, and at the level of the electromagnetic 
currents on the other. As long as the electromagnetic current in the four-vector representation is characterized by an 
oblate electric quadrupole moment, as is known for the W boson, while the antisymmetric tensor is characterized by a 
prolate one, we conclude that if the physical p meson were to belong to (1, 0)© (0, 1), its negative magnetic quadrupole 
moment has to be attributed to the effects of its internal structure. This is because recent Lattice QCD calculations 
and associated measurements [19], [20] strongly speak in favor of an oblate electric quadrupole moment of the p meson, 
and in contrast to previous ones [21], [22]. In order for a particle residing in (1,0)© (0, 1) to carry a negative electric 
quadrupole moment, its gyromagnetic ratio has to be less than 1, if such happens to be the effect of the surrounding 
meson cloud. For the time being, the assignment of the p meson to a Lorentz group representation remains an 
open question. As a further intriguing meson pair, we wish to mention the /i(1420)-w(1420) couple which also may 
appear as a good candidate for a (1, 0) © (0, 1) resident. Our result shows that the description of the (1, 0) © (0, 1) 
representation space provided by the Poincare covariant projector method is that of a physically observable chiral 
doublet. We expect this finding to extend to all bosonic pure spin representations, which are most likely to behave 
as parity doublets. However, the fermion ones are bound to behave as parity states. The reason is that there the 
parities are separated by the fermion quantum number and characterize the respective particles and antiparticles. As 
a test we reproduced the calculation of Ref. [23] regarding Compton scattering off a (1/2,0) © (0, 1/2) target, but 
performed it this time along the lines of Sec. IIIB. We observed that the contributions of the corresponding parity- 
mixed amplitudes are nullified by the universal g = 2 value of the gyromagnetic ratio, thus revealing its fundamental 
importance as a key tool for controlling the fermion number conservation. 
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